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Can DIS guide us into the “Challenging” 
Higher-W Resonance Region?

What can we learn from Quark-Hadron DUALITY?



Define (Pragmatically) Non-Resonant + Resonant Meson Production as
Shallow Inelastic Scattering (SIS)

The General SIS/DIS Landscape – Comparison of Generators 

◆ By far the majority of contemporary studies in n-nucleus interactions have 
been of Quasielastic and D production - that is W ≤ 1.4 GeV

◆ However, there is plenty of activity going on above this W cut! 
1.4 GeV ≤ W ≤ 2.0 GeV

For example with a 6 GeV n on Fe – excluding QE.
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The SIS             DIS Transition!

◆ How does the SIS region transition to DIS? 
▼ How does the physics (language) of quark/partons from DIS meet the physics of 

nucleons/pions of SIS  à quark-hadron duality
▼ Do the nuclear effects measured in the DIS region extend down into the SIS region or do 

they suddenly/slowly turn off.

◆ How do we study it?  MINERvA starting the high-statistics expt. study!
▼ The D has been relatively thoroughly studied. Measure single/multiple pion production in the 

kinematic region 1.4 < W < 2.0 GeV 
▼ Measure total and differential inclusive cross sections with , Q2 and W in the SIS 

region off various nuclei.  How do they transition into the DIS regime?
▼ Compare the cross sections derived in the DIS with the SIS  equivalents.
▼ With both n and n extract the SIS structure functions Fi(i(   ,Q2) and compare to DIS Fi

▼ Determine nuclear effects by ratios of s off nuclei in the SIS region…
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FIG. 4: Uncertainties in (41) due to different definitions of Q2
DIS. Solid line corresponds to (43) and dashed line to (44).
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)
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DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.
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S. Nakamura, “Dynamical coupled-channels approach to Resonance Region beyond Δ(1232)”

S. Nakamura, “Dynamical coupled-channels approach to Resonance Region beyond Δ(1232)”

S. Nakamura, “Dynamical coupled-channels approach to Resonance Region beyond Δ(1232)”

We are here to compare notes on this region



Inclusive SIS studies and
“Quark-Hadron Duality”

◆ Quark–hadron duality is a general feature of strongly interacting landscape.
▼ Relationships between meson–nucleon and quark–gluon degrees of freedom.

◆ In the 60’s the concept of “Duality” began with the total pion-proton cross section being 
compared to Regge fits to higher energy data and concluding low-E hadronic cross sections 
on average could be described by high-energy behavior.

◆ In the 70’s Bloom and Gilman defined duality by studying structure functions from e-N 
scattering and noting that the leading QCD formulation of DIS is approximately equal to the 
average over resonance production 

◆ Quark-hadron duality originally studied and confirmed in e-N scattering – how about n-N 
scattering? 

◆ There is essentially no high-statistics n-N/A experimental data with 1.4 < W < 2.0 GEV for 
tests! MINERvA is working to fix this for n/n -A!

◆ For now we rely on theoretical models of this region for both an assessment of duality 
in n-N/A scattering. …and an evaluation of the models?
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So-called Nachtmann variable to  
account for Target Mass Effects

Quantitative test of Q-H Duality: e Nucleon

◆ Ratio of the strength of the SIS to DIS region.  Ideal Duality I = 1.0

◆ Using Giessen fit to e-N scattering – F2
eN (  ) for values of Q2 indicated on 

spectra compared to LO DIS QCD fit at Q2 = 10 GeV2. Value of integral I(Q2).
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⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

This in turn would allow us to relate DIS structure functions to resonance form factors.

Some three decades later there was considerable accumulation of charged lepton DIS

studies at multiple laboratories with nucleon structure functions well measured over a

broad range in x,Q2. Many experimental tests had proclaimed the success of QCD, and

a new examination of duality with Je↵erson Lab resonant production experiments was

begun. An early Je↵erson Lab 6 GeV era (E00-116??) measurement [4] showed that

duality was clearly observed Figure 1 with an indication that for Q2  0.5GeV 2 the

data resembles a valence like curve. The experimental and theoretical study of duality

proceeded relatively smoothly for e-N and even for e-A interactions and there is now

visual evidence that duality holds for F p

2 , F
p

1 , F
p

L
, F n

2 , F
D

2 , FC

2 , F Fe

2 and FAu

2 .

Duality HOLDS in electron–nucleon scattering!
What does that mean?

◆ If you take F2 determined from a QCD fit to DIS data and extrapolate down in ξ
- a form of xBj that compensates for low-Q phenomena.  The extrapolation runs 
approximately through the middle of the resonances.
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Fep, en
2 : Duality HOLDS in electron–nucleon scattering

Duality holds for both proton and deuteriuim targets (=for neutron target)
Niculescu, PRL85

JLAB: recent experimental data on F2 of
the reactions ep � eX , eD � DX in the
resonance region

solid curve — global fit to the world’s DIS
data by NMC collaboration

The data at various values of Q2 and W
average to a smooth curve if expressed
in terms of �.

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 5 / 22
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22Figure 1. Comparison of the series of resonances measured by E00-116(??) at
the indicated Q2 compared to the extrapolated DIS measurement from the NMC
collaboration at 10 GeV 2

However, with the much more precise Je↵erson Lab data, there should be an

improved method to test duality precisely. A possible solution is to quantify the degree

to which duality is satisfied by defining the ratio of integrals over structure functions

from the resonance and DIS regions:

I|(Q
2, Q2

DIS) =

R
⇠max

⇠min
d⇠FRES

j (⇠, Q2)
R

⇠max

⇠min
d⇠FDIS

j (⇠, Q2
DIS)

(1)

The integrals use the Nachtmann variable (xBjorken ⌘ x) ⇠(x,Q2) = 2x

1+
p

1+4x
2
M

2
/Q

2

and the integration over the resonance region is defined as typically Wmin = M + m⇡

and Wmax = 2.0 GeV. For perfect quark-hadron duality the value of I would be 1.0.

Using this new measure of agreement with quark-hadron duality for eN scattering

the authors of reference [5] used the full GiBUU model [6] that has been shown to
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FIG. 3: Dependence of the Nachtmann variable ξ on hadronic invariant mass calculated at Q2 = 0.4, 1, 3 and 10 GeV2.

The leptonic current is defined as:

J µ
lepton = ū(k′)γµ(1− γ5)u(k). (2)

In the RS model the leptonic mass is set to be zero. In this limit

qµJ µ
lepton = 0. (3)

One can introduce the basis of three vectors of length ±1 orthogonal to qµ:

eµL =
1√
2
(0, 1,−i, 0),

eµR =
1√
2
(0,−1,−i, 0),

eµS =
1

√

Q2
(q, 0, 0, ν).

Correspondingly, the leptonic tensor can be decomposed as:

Lµν = kµk′ν + k′µkν − gµνk · k′ − iεµνκλkκk
′

λ = (4)

=
∑

α,β∈(S,L,R)

Mαβeµα(e
ν
β)

∗. (5)

When we calculate the contraction of the leptonic tensor with the hadronic tensor

Wµν =

(

−gµνW1 +
pµpν
M2

W2 − iϵµναβpαqβ

2M2
W3

)

, (6)

(M is the nucleon mass) we find that

LµνWµν = Lµν
diagWµν , (7)

where

Lµν
diag = A2eµS(e

ν
S)

∗ +B2eµL(e
ν
L)

∗ + C2eµR(e
ν
R)

∗. (8)

A2, B2, C2 are Lorentz scalars which can be evaluated in the LAB frame:

A2 = Lµνe
µ
S(e

ν
S)

∗ =
Q2

2q2
(

(2E − ν)2 − q2
)

, (9)

B2 = Lµνe
µ
L(e

ν
L)

∗ =
Q2

4q2
(2E − ν + q)2, (10)

C2 = Lµνe
µ
R(e

ν
R)

∗ =
Q2

4q2
(2E − ν − q)2. (11)

SIS  DIS
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In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass
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Q2 +
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Q4 + 4m2
qQ2
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Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
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(1+
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=

2x
(1+
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1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality
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N
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At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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What does Q-H Duality “Look Like” Experimentally?
Early Jefferson Lab 6 GeV e-Nucleon Study
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The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
p

1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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First Hall C data

  → Confirmed Bloom-Gilman 
observation in spectacular fashion.

  → Observed that data trace out a 
     valence-like curve when Q2 < 0.5

  → local duality is observed.

NMC 10 GeV2

So-called Nachtmann variable to  
account for Target Mass Effects

What is going
on here?

What does Global Q-H Duality “Look Like” Experimentally?
Early Jefferson Lab 6 GeV - e-Nucleon Study

DIS  Q2 > 10 GeV2  



Quantitative test of Quark-Hadron - Local Duality:
Ratio of integrals over a finite   interval

e - Nucleon
◆ Ratio of the strength of the SIS to DIS region.  Ideal Duality I = 1.0

◆ Using Giessen fit to e-N scattering – F2
eN (  ) for values of Q2 indicated on 

spectra compared to LO DIS QCD fit at Q2 = 10 GeV2. Value of integral I(Q2).

7

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

This in turn would allow us to relate DIS structure functions to resonance form factors.

Some three decades later there was considerable accumulation of charged lepton DIS

studies at multiple laboratories with nucleon structure functions well measured over a

broad range in x,Q2. Many experimental tests had proclaimed the success of QCD, and

a new examination of duality with Je↵erson Lab resonant production experiments was

begun. An early Je↵erson Lab 6 GeV era (E00-116??) measurement [4] showed that

duality was clearly observed Figure 1 with an indication that for Q2  0.5GeV 2 the

data resembles a valence like curve. The experimental and theoretical study of duality

proceeded relatively smoothly for e-N and even for e-A interactions and there is now

visual evidence that duality holds for F p

2 , F
p

1 , F
p

L
, F n

2 , F
D

2 , FC

2 , F Fe

2 and FAu

2 .

Duality HOLDS in electron–nucleon scattering!
What does that mean?

◆ If you take F2 determined from a QCD fit to DIS data and extrapolate down in ξ
- a form of xBj that compensates for low-Q phenomena.  The extrapolation runs 
approximately through the middle of the resonances.

41
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Fep, en
2 : Duality HOLDS in electron–nucleon scattering

Duality holds for both proton and deuteriuim targets (=for neutron target)
Niculescu, PRL85

JLAB: recent experimental data on F2 of
the reactions ep � eX , eD � DX in the
resonance region

solid curve — global fit to the world’s DIS
data by NMC collaboration

The data at various values of Q2 and W
average to a smooth curve if expressed
in terms of �.
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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the indicated Q2 compared to the extrapolated DIS measurement from the NMC
collaboration at 10 GeV 2

However, with the much more precise Je↵erson Lab data, there should be an

improved method to test duality precisely. A possible solution is to quantify the degree

to which duality is satisfied by defining the ratio of integrals over structure functions

from the resonance and DIS regions:

I|(Q
2, Q2

DIS) =

R
⇠max

⇠min
d⇠FRES

j (⇠, Q2)
R

⇠max

⇠min
d⇠FDIS

j (⇠, Q2
DIS)

(1)

The integrals use the Nachtmann variable (xBjorken ⌘ x) ⇠(x,Q2) = 2x

1+
p

1+4x
2
M

2
/Q

2

and the integration over the resonance region is defined as typically Wmin = M + m⇡

and Wmax = 2.0 GeV. For perfect quark-hadron duality the value of I would be 1.0.

Using this new measure of agreement with quark-hadron duality for eN scattering

the authors of reference [5] used the full GiBUU model [6] that has been shown to
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FIG. 3: Dependence of the Nachtmann variable ξ on hadronic invariant mass calculated at Q2 = 0.4, 1, 3 and 10 GeV2.

The leptonic current is defined as:

J µ
lepton = ū(k′)γµ(1− γ5)u(k). (2)

In the RS model the leptonic mass is set to be zero. In this limit

qµJ µ
lepton = 0. (3)

One can introduce the basis of three vectors of length ±1 orthogonal to qµ:

eµL =
1√
2
(0, 1,−i, 0),

eµR =
1√
2
(0,−1,−i, 0),

eµS =
1

√

Q2
(q, 0, 0, ν).

Correspondingly, the leptonic tensor can be decomposed as:

Lµν = kµk′ν + k′µkν − gµνk · k′ − iεµνκλkκk
′

λ = (4)

=
∑

α,β∈(S,L,R)

Mαβeµα(e
ν
β)

∗. (5)

When we calculate the contraction of the leptonic tensor with the hadronic tensor

Wµν =

(

−gµνW1 +
pµpν
M2

W2 − iϵµναβpαqβ

2M2
W3

)

, (6)

(M is the nucleon mass) we find that

LµνWµν = Lµν
diagWµν , (7)

where

Lµν
diag = A2eµS(e

ν
S)

∗ +B2eµL(e
ν
L)

∗ + C2eµR(e
ν
R)

∗. (8)

A2, B2, C2 are Lorentz scalars which can be evaluated in the LAB frame:

A2 = Lµνe
µ
S(e

ν
S)

∗ =
Q2

2q2
(

(2E − ν)2 − q2
)

, (9)

B2 = Lµνe
µ
L(e

ν
L)

∗ =
Q2

4q2
(2E − ν + q)2, (10)

C2 = Lµνe
µ
R(e

ν
R)

∗ =
Q2

4q2
(2E − ν − q)2. (11)

SIS  DIS
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
(

f,Q2
R; g,Q

2
D

)

=

∫ ξmax

ξmin

dξ f(ξ, Q2
R)

∫ ξmax

ξmin

dξ g(ξ, Q2
D)

. (40)
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

ξB =
Q2 +

q

Q4 + 4m2
qQ2

2mNν(1+
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1+Q2/ν2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable ξ

ξ = lim
mq→0

ξB =
2Q2/2mNν

(1+
p

1+Q2/ν2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding ξ in powers of 1/Q2 at high Q2 gives the variable 2mNν+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
ξ
≈
1
x

„

1+
m2
Nx2
Q2

«

=
2mNν +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get ξ ≈ 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)
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In the quantitative analysis we define ratios of two integrals over the resonance region:
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Stress the importance
of including the 
non-resonant 
pion production!



Now Nucleus not Nucleon
Qualitative look at Q-H Duality: e A

◆ Now e-nucleus – individual resonances visible in e-P, somewhat 
less in e-D and mostly smeared out by e-Fe.   Curved line is from 
MRST global DIS fits at 10 GeV2 with EMC effect for Fe applied.
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p

Fe

d

ξ = 2x / [1 + (1 + 4M2x2/Q2)1/2]

•Fermi motion in the nucleus 
accomplishes averaging in 
x, x.

=> Duality works even           
better in nuclei.

              Duality in NucleiDuality in Nuclei

Duality is also observed in the EMC effect!



Speaking of the EMC Effect…. 
Found in the eA Resonance Region
Further suggestion of Quark-Hadron Duality?

◆ The solid red circles are Jefferson Lab data taken in the resonance 
region 1.2 < W2 < 3.0 GeV  and Q2 = 4 GeV2.  All other data 
points from DIS region.

9

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

NUCLEI 

Recent electron scattering measurements at JLab have confirmed the validity of the Bloom-Gilman duality for proton, 
deuterium [2] and iron [3] structure functions. Further experimental efforts are required for neutrino scattering. Among 
the upcoming neutrino experiments, Minerva[16, 17,18] and SciBooNE[19,20, 21] aim at measurements with carbon, 
iron and lead nuclei as targets. 

One of the major issues for nuclear targets is the definition of the nuclear structure functions FA2 3-,. Experimentally 
they are determined from the corresponding cross sections, using Eq. (1). 

We follow the same procedure, using the GiBUU cross sections. So, at the first step the inclusive double differential 
cross section da/dQ^dv is calculated within the GiBUU model. The nucleon is bound in a mean field potential, which 
is parameterized as a sum of a Skyrme term term depending only on density and a momentum-dependent contribution 
of Yukawa-type interaction. Eermi motion of the bound nucleon and Pauli blocking are also considered (see [13] for 
details). 

Previous work [22] has used the analytical formulas for the nucleon structure functions, presented in [6], and directly 
apply nuclear effects to them. Nuclear effects are treated within the independent particle shell model, so that each 
bound nucleon in a nucleus occupies a nuclear shell a with a characteristic binding energy €„ and is described by 
the bound-state spinor ««. The four-momentum of the bound nucleon can be written as p^ = {mj^ — ea,p), thus the 
nucleon is off its mass shell. Both the bound-state spinor Ua{p) and the corresponding binding energies are computed 
in the Hartree approximation to the cr — ft) Walecka-Serot model. 

As shown in [22], this leads to the following definition of the nuclear structure functions 

^2{Q\V)=J^ d'p{2ja+l)na{pW2{Q\v,p' \P\' -PIQ' 

^l 
Pz 6 ' 
qz (p • q) 

(4) 

In Eig. 3, the results of Ghent and Giessen models for the resonance contribution to the F2 /A structure functions 
for a carbon target are shown for several Q^ values. They are compared to experimental data obtained by the 
BCDMS collaboration [23, 24] in muon-carbon scattering in the DIS region {Q^ - 30 - 50 GeV2). They are shown as 
experimental points connected by smooth curves. Eor different Q^ values, the experimental curves agree within 5% in 
most of the B, region, as expected from Bjorken scaling. 

When investigating duality for a free nucleon, we took the average over free proton and neutron targets, thus 
considering the isoscalar structure function. Since the carbon nucleus contains an equal number of protons and 
neutrons, averaging over isospin is performed automatically. Due to the Eermi motion of the target nucleons, the 
peaks from the various resonance regions, which were clearly seen for the nucleon target, are hardly distinguishable 
for the carbon nucleus. In general, the curves of the Giessen model are above those of the Gent model, especially (as 
it would be natural to expect) in the second and the third resonance regions. 

0.3 

o 
(0 
o 

I 

Res: model, different Q 
DIS: BCDMS collab 30 GeV 

0.3 

o 
(0 

o 
o 
< 

DIS: BCDSM coll 
30 GeV" 
50 GeV^ 
45 0 0 ^ - - • -

0.8 

FIGURE 3. (Color online) Resonance curves F | ^/12 as a function of ^, for Q^ = 0.45,0.85,1.4,2.4 and 3.3 GeV^ (indicated 
on the spectra), obtained within Ghent (left) and Giessen (right) models, compared with the experimental data [23, 24] in the DIS 
region at g ,̂̂ ^ = 30, 45 and 50 GeV^. 
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As expected from local duality, the resonance structure functions for the various g^ values slide along a curve, 
whose B, dependence is very similar to the scaling-limit DIS curve. However, for all B,, the resonance curves lie below 
the experimental DIS data. 

To quantify this underestimation, we now consider the ratio of the integrals of the resonance (res) and DIS structure 
functions, determined in Eq. (3) For electron-carbon scattering we choose the data set [24] at 2D/5 = 50 GeV^, 
because it covers most of the B, region. For nuclear structure functions, as it is explained in [22], the integration 
limits are to be determined in terms of the effective W variable, experimentally (see, for example, [25]) defined as 
W^ = m^ + Inif^v — Q^. For a free nucleon W coincides with the invariant mass W. For a nucleus, it differs from 
W due to the Fermi motion of bound nucleons, but still gives a reasonable estimation for the invariant mass region 
involved in the problem. 

In particular, the resonance curves presented in all figures are plotted in the region from the pion-production 
threshold up to W = 2 GeV. For a free nucleon, the threshold value for 1-pion production (and thus the threshold 
value of the resonance region) is Wmin = ^min « 1 • 1 GeV. Bound backward-moving nucleons in a nucleus allow lower 
W values beyond the free-nucleon limits. The threshold for the structure functions is now defined in terms of v or W, 
rather than W. Hence, we consider two different cases in choosing the B, integration limits for the ratio (3). First, for a 
given Q^, we choose the B, limits in the same manner as for a free nucleon: 

^min = ^(W=1.6GeV,e2 ^max = ^ ( W = l . l G e V , e 2 (5) 

We refer to this choice as integrating "from 1.1 GeV". The integration limits for the DIS curve always correspond 
to this choice. As a second choice, for each Q^ we integrate the resonance curve from the threshold, that is from as 
low W as achievable for the nucleus under consideration. This corresponds to the threshold value at higher B, and is 
referred to as integrating "from threshold". With this choice we guarantee that the extended kinematical regions typical 
for resonance production from nuclei are taken into account. Since there is no natural threshold for the B,mm, for both 
choices it is determined from W = 1.6 GeV, as defined in Eq. (5). 

The results for the ratio (3) are shown in Fig. 4. The curve for the isoscalar free-nucleon case is the same as in 
Ref. [6] with the "GRV" parameterization for the DIS structure function. One can see that the carbon curve obtained 
by integrating "from threshold" lies above the one obtained by integrating "from 1.1 GeV", the difference increasing 
with Q^. This indicates that the threshold region becomes more and more significant, as one can see from Fig. 4. 
Recall, that the flatter the curve is and the closer it gets to 1, the higher the accuracy of local duality would be. 

Our calculations for carbon show that in the Ghent model the ratio is slightly lower than the free-nucleon value for 
both choices of the integration limits. In the Giessen model, the carbon ratio is at the same level as the free nucleon 
one or even higher. This is mainly due to the fact, that in Giessen model the structure function in second resonance 
region gets contributions from the 9 resonances, which were not present in Ghent model. 
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1 
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0.6 

12 
12, C from 1.1 GeV 

C from threshold 
free nucleon 

(Ghent; 

0.5 1 1.5 
.2 • 

2.5 
Q" [GeV"] 

1.4 

1.2 

12, 
''^C from l.i 

C from threshold 
free nucleon 

Q^, GeV^ 

FIGURE 4. (Color online) Ratio defined in Eq.(3) for the free nucleon (dash-dotted line), and ^^C in Ghent (left) and Giessen 
(right) models. We consider the under limits determined hyW = 1.1 GeV (solid line) and by the threshold value (dotted line). 

For neutrino-iron scattering, the structure functions ¥2^^ are shown in Fig. 5. As for the electron-carbon results 
of Fig. 3, the resonance structure is hardly visible for both the Ghent and the Giessen model. The second resonance 
region is more pronounced in Giessen model because of the high mass resonances taken into account. The resonance 
structure functions are compared to the experimental data in DIS region obtained by the CCER [26] and NuTeV [27] 
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Figure 4. Figure from [5]: (Left) F eC
2 as a function of ⇠, for values of Q2 indicated

on the spectra, compared with the BCDMS DIS LO QCD parameterizations at Q2 =
30, 45 and 50 GeV2. (Right) Ratio IeC

2 of the integrated F2 in the resonance region
within the Giessen [8] model to the integral over the DIS LO QCD fit to BCDMS high
Q2 data. The results are displayed for two choices of the lower limit for the integral
of the numerator: W = 1.1 GeV (solid line) and ”threshold” that takes into account
the Fermi motion within the C nucleus (dotted line). For comparison, the ratio IeN

2

for the free nucleon (dash-dotted line)is shown. 4

GeV2), requiring W 2 > 1.2 GeV2 to exclude the region
very close to the quasielastic peak.

There are small di↵erences between the analyses of
the SLAC and JLab data which had to be addressed
to make a precise comparison. First, the SLAC and
BCDMS ratios were extracted as a function of x rather
than ⇠. Because the conversion from x to ⇠ depends on
Q2, we can only compare ratios extracted at fixed Q2

values. Thus, for E139 we use the “coarse-binned” ra-
tios, evaluated at fixed Q2, rather than “fine” x binning,
which were averaged over the full Q2 range of the exper-
iment. Coulomb corrections were applied in the analy-
sis of the JLab data [24], but not the SLAC data. The
SLAC data shown here include Coulomb corrections, de-
termined by applying an o↵set to the incoming and out-
going electron energy at the reaction vertex [24], due to
the Coulomb field of the nucleus. The correction fac-
tor is <0.5% for carbon, and (1.5–2.5)% for gold. The
JLab and SLAC ratios are corrected for neutron excess,
assuming �n/�p = (1 � 0.8⇠).

Figure 3 shows the cross section ratio of heavy nuclei
to deuterium for the previous SLAC E139 [15], E87 [25]
and BCDMS [26] DIS measurements, and for the JLab
E89-008 [7, 24] data in the resonance region. The size
and ⇠ dependence of nuclear modifications in the JLab
data agrees with the higher Q2, W 2 data for all targets.
Table I shows the ratios extracted from the JLab data.

The agreement of the resonance region data with the
DIS measurement of the EMC e↵ect, which directly mea-
sures the modification of quark distributions in nuclei, is
quite striking. There is no a priori reason to expect that
the nuclear e↵ects in resonance production would be sim-
ilar to the e↵ects in scattering from quarks. However, it
can be viewed as a natural consequence of the quantita-
tive success of quark-hadron duality [9, 12]. As seen in
Fig. 1, the structure functions for nuclei show little devi-
ation from pQCD, except in the region of the quasielastic
peak (and � resonance at low Q2). As Q2 increases, the
deviations from pQCD decrease as quasielastic scattering
contributes a smaller fraction of the cross section. In ret-
rospect, given the lack of significant higher twist contri-
butions, combined with the fact that any A-independent
scaling violations will cancel in the ratio, it is perhaps not
surprising that the resonance EMC ratios are in agree-
ment with the DIS measurements.

While it is di�cult to precisely quantify the higher
twist contributions with the present data, we can esti-
mate their e↵ect by looking at low W 2 and Q2, where
the higher twist contributions are much larger. At Q2 ⇡
2 GeV2 and W 2 ⇡ M2

�, the scaling violations (beyond
target mass corrections) for deuterium are as large as
50%, as seen in Fig. 1. However, if one takes the iron
and deuterium data from Ref. [7], averages the structure
function over the � region and then forms the EMC ra-
tio, the result di↵ers from the ratio in the DIS region by
less than 10%. The decrease in the e↵ect of higher twist
contributions is a combination of the fact that the con-
tribution are reduced when averaged over an adequate

FIG. 3: (Color online) Ratio of nuclear to deuterium cross
section per nucleon, corrected for neutron excess. The solid
circles are Je�erson lab data taken in the resonance region
(1.2 < W 2 < 3.0 GeV2, Q2 � 4 GeV2). The hollow diamonds
are SLAC E139 data, the crosses are the SLAC E87 data, and
the hollow squares are BCDMS data, all in the DIS region.
The scale uncertainties for the SLAC (left) and JLab (right)
data are shown in the figure. The curves show an updated
version [27] of the calculations from Ref. [28].

region in W 2 [9, 12], and cancellation between the higher
twist contributions in deuterium and iron. The same
procedure yields 2–3% deviations from the EMC ratio
if one looks in the region of the S11 or P15 resonances,
where the scaling violations in the individual structure
functions are smaller to begin with.

For the ratios in Fig. 3, we expect even smaller higher
twist e↵ects because the data is nearly a factor of two
higher in Q2 and is above the � except for the very
highest ⇠ points. At higher Q2, the higher twist con-
tributions in the individual structure functions become
smaller, while averaging over the resonance region be-
comes less important as the resonances become less
prominent. Thus, we expect that higher twist contri-
butions for these data will be smaller than the the 2–3%
e↵ect (<10% near the �) observed on the EMC ratio at
Q2 ⇡ 2 GeV2. If so, the higher twist corrections will
be small or negligible compared to the large statistical
uncertainty in previous measurements, and this data can
be used to improve our knowledge of the EMC e↵ect at
large ⇠.

Figure 5. Figure from [9] demonstrating the EMC e↵ect in the resonance region.
The solid circles are Je↵erson Lab data taken in the resonance region (1.2  W 2 
3.0GeV 2andQ2 = 4GeV 2 ) while all other data points are from DIS experiments.
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Now for Neutrinos - our “favorite” Rein-Sehgal Model
n-n, n-p and n-N Resonances (J. Sobczyk et al.-NuWro) 

◆ Comparison to Rein-Sehgal structure functions for n, p and N at Q2 = 0.4, 1.0 and 
2.0 GeV2 with the LO DIS curve at 10 GeV2 .

◆ The I integral over the whole W region for the R-S model for resonances off 
neutron (dotted), proton (solid) and isoscalar (dashed). No multi-pi resonances 
and ? non-resonant pi.

10

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

8

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 0  0.5  1  1.5  2  2.5  3

R
at

io

Q2 [GeV2]

10/5
10/20

FIG. 4: Uncertainties in (41) due to di�erent definitions of Q2
DIS. Solid line corresponds to (43) and dashed line to (44).
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:

R
�
f, Q2

R; g, Q2
D

�
=

� �max

�min

d⇠ f(⇠, Q2
R)

� �max

�min

d⇠ g(⇠, Q2
D)

. (40)

Also does not hold for n and p individually 
when using the Rein-Sehgal Model for n-N Resonances

WARNING: R-S model questionable

44
UGent.eps

Similar results in the framework of Rein–Sehgal Model
Graczyk, Juszczak, Sobczyk, Nucl Phys A781 (19 reso-
nances included in the model)

P33(1232),
P11(1440), D13(1520), S11(1535),

P33(1600),
S11(1650), D15(1675), F15(1680)

Interplay between the resonances with different isospins:

isospin-3/2 resonances give strength to the proton struc-
ture functions, while isospin-1/2 resonances contribute to
the neutron structure function only

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 10 / 22
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FIG. 7: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row the plots of the xF1, F2 and xF3 structure functions for CC neutrino-isoscalar target
scattering are presented. In the second row structure functions for NC neutrino-isoscalar target scattering are shown.

and we also separate valence and sea quark contributions to the DIS structure functions:

FDIS
j = Fj,sea + Fj,val. (46)

We calculate the following functions:

Rval
2 (Q2

RES , Q2
DIS) ⌘ R

�
F2,res, Q

2
RES ; F2,val, Q

2
DIS

�
. (47)

and

Rval
3 (Q2

RES , Q2
DIS) ⌘ R

�
xF3,res, Q

2
RES ; xF3,val, Q

2
DIS

�
. (48)

3. NUMERICAL RESULTS AND DISCUSSION

In the numerical analysis we confine ourselves to the case of neutrino interactions and leave out the antineutrino
ones.

In Figs. 5 – 7 we present a comparison of the scaling structure function with the RS structure functions calculated
at Q2

RES = 0.4, 1 and 2 GeV2. The Figs. 5 and 6 correspond to CC and NC reactions respectively with proton
structure functions in the upper row and neutron structure functions below.

In the case of the RS model for neutrino-proton CC reaction the � resonance contribution dominates overwhelmingly
over other resonances. One can see the typical manifestation of local duality: the sliding of the � peaks (calculated
at di↵erent Q2

RES) along the scaling function.
For neutrino-neutron CC reaction the resonance structure is much richer. The contributions from the � are usually

dominant but those from more massive resonances are also significant. In the figure with the F2 structure function
three peaks of comparable size are seen. The DIS contributions dominate over the RS ones in this case.

Figure 6. Figure from [12]: Comparison of the Rein-Sehgal structure functions at Q2

= 0.4, 1 and 2 GeV2 with the appropriate DIS scaling functions at Q2 = 10 GeV2. On
the left s Fn

2 vs ⇠ in the middle F p
2 vs ⇠ and on the right FN

2 vs ⇠.

nucleus interactions emphasized the problem facing the neutrino community in this

transition region. Since there are no recent or high-statistics experimental data

available, neutrino-nucleon and neutrino-nucleus scattering duality studies are by

necessity theoretical in their nature. Yet even the theoretical study of ⌫-N/A duality

is sparse with only only several full studies in the literature [10, 11, 12, 5]. This

is troublesome since modern ⌫ interaction simulation e↵orts can not then compare

their results with duality predictions for ⌫ A/N as they do for `± N interactions for

confirmation.

An early study [12] by the Wroclaw group used the Rein-Sehgal model for neutrino

nucleon resonance production, which is commonly used in current MC event generators.

The study suggested that within the original R-S model for ⌫-N scattering duality

is definitely not satisfied for neutron targets somewhat better for proton target and

best, although not great, for isoscalar targets but mainly in the vicinity of the � (local

duality) as shown in Figure 6. This reflects the fact that the �++ o↵ a proton dominates

the resonance region while in the DIS region ⌫ neutron scattering dominates the cross

section.

This group also noted that the R-S model treatment of the non-resonant

background, important for the quantitative evaluation of duality, is not very satisfactory.

For this reason they addressed the idea of two-component duality that was originally

proposed by Harari and Freund [13, 14]. It essentially relates resonance production

of pions with the valence quark component and non-resonant pion production with

the sea quark component of the structure functions. This concept was confirmed

via eN interaction[15] and, as earlier noted and seen in Figure 1, the F2 structure

function averaged over resonances at low values of ⇠( 0.3) behaves like the valence

quark contribution to DIS scaling. This suggests the very intriguing concept that

if overall duality is satisfied and the resonance contribution is dual to the valence

DIS contribution, then the non-resonant background could be dual to the sea quark

contribution. Then this duality could be used to provide a model for non-resonant
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background.

The conclusions of this extended duality analysis for CC ⌫N interactions is that,

as illustrated in Figure 7: for the whole resonance region (M +m⇡  W  2 GeV) and

for Q2 � 0.5GeV 2 duality is satisfied only for CC proton target reaction and at best to

the 20% level; there is also CC local duality in the vicinity of the � resonance for an

isoscalar target.
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FIG. 9: The functions R2 for di�erent targets and reactions. The ratios are calculated for CC and NC structure functions in
the cases of proton (solid lines), neutron (dotted lines) and isoscalar target (dashed lines).

increased by a factor of ⇠ 1.55 and for proton by ⇠ 1.39. The di↵erence is caused by the overwhelming dominance
of the � excitation in the case of proton.

A characteristic feature of most of the plots of Rj(Q2
RES) is a presence of two qualitatively distinct behaviors. For

Q2
RES smaller then ⇠ 0.5 GeV2 the functions Rj vary quickly while for larger values of Q2

RES they become slowly
changing. This seems to correspond to predictions done in [5]. Our statements about the duality will apply only to
the region of Q2

RES � 0.5 GeV2.
In Figs. 9 and 10 the plots of R2 and R3 for proton, neutron and isoscalar targets are presented. In the case of CC

interaction the duality is seen on the proton target (accuracy  20%) but for the neutron and isoscalar targets the
duality is absent. In both cases the average strength of resonance structure functions amounts to only about a half
of the strength of DIS structure functions. The plots for the NC interactions are almost independent on the target
and in all the cases the DIS contributions are approximately two times as big as resonance ones. A di↵erent choice of
Q2

DIS , namely Q2
DIS = 20 GeV2 makes the values of R2,3 even lower (see Fig. 4).

The remaining plots address the question of two component duality. We concentrate on the case of the possible
duality between the resonance and valence quark contributions.

In Fig. 11 the plot of Rval
2 for the CC interactions is shown. We notice the good duality picture in the case of

proton target but a huge departure from duality in the case of neutron and isoscalar targets. It is worth noting that
this discrepancy is larger than one shown in Fig. 9 where the general (not two component) notion of duality was
discussed. The novel feature is the apparently singular behavior at low Q2

RES : Rval
2 rises quickly in contrast with R2

falling down when Q2
RES approaches zero.

The explanation of this follows from the Fig. 12 where the region of small Q2
RES was analyzed in more detail. We

notice that for Q2
RES approaching zero the valence quarks scaling function tends to zero while the resonance strengths

remains virtually unchanged.
Finally in Fig. 13 the analogous two-component duality analysis is done for Rval

3 . The discussion of xF3 seems to
be favorable for the two-component duality because in the DIS contribution on the isoscalar target there is no sea
quark contribution. We remind also that for the CC reaction on the proton the non-resonant contribution is absent.

Figure 7. Figure from [12]: The integral Equation (1.1) for CC interactions in the
R-S model for resonances o↵ proton (solid lines), neutron (dotted lines) and isoscalar
target (dashed lines).

Turning back to the analysis of the Giessen-Ghent group [6] that examined duality

with e N/A scattering. Using the GiBUU model in the resonance region (defined as

W < 2 GeV) with its emphasis on the importance of careful consideration of the non-

resonant contribution to the pion production model (determined by fitting to the data)

the value of the integral in Equation (1.1) even for the isoscalar nucleon is about 70%

as shown in Figure 8 consistent with the conclusions of the Wroclaw study. Again, in

general for neutrinos, the resonance structure functions for proton are much larger than

for neutron and in the case of DIS structure functions the situation is opposite. These

results are to some extent model dependent but a general tendency is that for larger W,

DIS structure functions are much larger than the resonance contribution at lower W.

This general conclusion should be kept in mind for consideration of simulation programs

treating the SIS region.

Quark-hadron duality in the case of neutrino nucleus interactions has been studied,

again theoretically, in [16]. The results as in Figure 9 from that reference suggest

problems with applying duality to this process, particularly for non-isotropic nuclei

such as Pb or even Fe or Ar. The Q2 along the abscissa in Figure 9 is the Q2 involved

in computing the limits ⇠min = ⇠(W1, Q
2) and ⇠max = ⇠(W2, Q

2) of the integration of

the numerator of I⌫Fe

2 . Refer to the figure caption for further details of the figure.

They observed that the computed resonance contribution to the leptonnucleus

structure functions is qualitatively consistent with the measured DIS structure functions.
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FIG. 5: Comparison of the Rein-Sehgal structure functions at Q2 = 0.4, 1 and 2 GeV2 with the appropriate scaling functions
at Q2

DIS=10 GeV2. In the first row xF1, F2 and xF3 structure functions for CC neutrino-proton scattering are plotted. In the
second row the structure functions for CC neutrino-neutron scattering are shown.

In the quantitative analysis we define ratios of two integrals over the resonance region:
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In Fig. 13 we see that two component duality is satisfied within ∼30% for the proton target but it is absent for
neutron and isoscalar targets. We notice also that contrary to what we have seen in the plots for Rval

2 now at low
Q2

RES all the curves tend to zero.
The explanation of this behavior follows from the Fig. 14. One can see that in the case of xF3 both the resonance

and valence quark structure functions fall down for Q2 approaching zero. The behavior of xF3 is the same as that
discussed in [19].
We do not present plots exploring the duality between the non-resonant part of the resonance model and the sea

quark contribution. No sign of two component duality is seen in this case.

F2 xF3
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Use alternative models for n-n, n-p and n-N scattering? 
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FIGURE 1. 
l 2 

Duality for the isoscalar nucleon Fj "^^ structure function calculated within GiBUU model. (Left) F2^ as a function 
of ^, for Q = 0.225,0.525,1.025 and 2.025 GeV (indicated on the spectra), compared with the leading twist parameterizations at 
Q^ = 10 GeV . (Right) Ratio if^ of the integrated F2^ in the resonance region to the leading twist functions. 

^ correspond to the second (1.40 GeV < W < 1.56 GeV) and the third (1.56 GeV < W < 2.0 GeV) resonance regions. 
The general picture shows a reasonable agreement with the duality hypothesis. 

In the right panel of Fig. 1, the ratio of the integrals if^, defined in (3), is shown not only for the whole structure 
function (resonance + 1-pion background), but also for the resonance contribution separately. 

For Q^ > 0.5 GeV^, the ratio if for the resonance contribution only is at the level of 0.85, which is smaller and 
flatter in Q^ in comparison with the results [6, 15] of the Dortmund group resonance model. The difference is due to the 
different parameterization of the electromagnetic resonance form factors used in the two models. The background gives 
a noticeable contribution and brings the ratio up to 0.95. The fact, that it is smaller than 1 is of no surprise, because 
additional nonresonant contributions like 2- and many-pion background are possible, but not taken into account here. 
They are the subject of coming investigations. 

The principal feature of neutrino reactions, stemming from fundamental isospin arguments, is that duality does not 
hold for proton and neutron targets separately. The interplay between the resonances of different isospins allows for 
duality to hold with reasonable accuracy for the average over the proton and neutron targets. We expect a similar 
picture emerges in neutrino reactions with nuclei. 

For neutrinoproduction, the structure function F2^ and the ratio / j ' ^ are shown in Fig. 2 for the resonance 
contribution only. The ratio is at the level of 0.7, which is (similar to the electron case) smaller than 0.8, which 
has been calculated within the Dortmund resonance model [6, 15]. Thus, one would expect a large contribution from 
the background. The role of the background in neutrino channel is under investigation now. 
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Duality for the isoscalar nucleon Fj '^^ structure function calculated within the GiBUU model. (Left) Fj^'^ as a function 
of ^, for Q = 0.225,0.525,1.025 and 2.025 GeV (indicated on the spectra), compared with the leading twist parameterizations at 
Q^ = 10 GeV . (Right) Ratio / j ' ^ of the integrated Fj^'^ in the resonance region to the leading twist functions. 
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Resonance estimates from GiBUU
Model for n-N scattering. 
DIS at 10 GeV2 . No non-resonant pi 
included

Now for Neutrinos
NO high-statistics Experimental Data available - turn to theory 

Use models for n-n and n-p scattering? 
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Duality for the isoscalar nucleon Fj "^^ structure function calculated within GiBUU model. (Left) F2^ as a function 
of ^, for Q = 0.225,0.525,1.025 and 2.025 GeV (indicated on the spectra), compared with the leading twist parameterizations at 
Q^ = 10 GeV . (Right) Ratio if^ of the integrated F2^ in the resonance region to the leading twist functions. 

^ correspond to the second (1.40 GeV < W < 1.56 GeV) and the third (1.56 GeV < W < 2.0 GeV) resonance regions. 
The general picture shows a reasonable agreement with the duality hypothesis. 

In the right panel of Fig. 1, the ratio of the integrals if^, defined in (3), is shown not only for the whole structure 
function (resonance + 1-pion background), but also for the resonance contribution separately. 

For Q^ > 0.5 GeV^, the ratio if for the resonance contribution only is at the level of 0.85, which is smaller and 
flatter in Q^ in comparison with the results [6, 15] of the Dortmund group resonance model. The difference is due to the 
different parameterization of the electromagnetic resonance form factors used in the two models. The background gives 
a noticeable contribution and brings the ratio up to 0.95. The fact, that it is smaller than 1 is of no surprise, because 
additional nonresonant contributions like 2- and many-pion background are possible, but not taken into account here. 
They are the subject of coming investigations. 

The principal feature of neutrino reactions, stemming from fundamental isospin arguments, is that duality does not 
hold for proton and neutron targets separately. The interplay between the resonances of different isospins allows for 
duality to hold with reasonable accuracy for the average over the proton and neutron targets. We expect a similar 
picture emerges in neutrino reactions with nuclei. 

For neutrinoproduction, the structure function F2^ and the ratio / j ' ^ are shown in Fig. 2 for the resonance 
contribution only. The ratio is at the level of 0.7, which is (similar to the electron case) smaller than 0.8, which 
has been calculated within the Dortmund resonance model [6, 15]. Thus, one would expect a large contribution from 
the background. The role of the background in neutrino channel is under investigation now. 
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Resonance estimates from Lalakulich, 
Melnitchouk and Paschos for n-n and 
n-p scattering.

Resonance estimates from GiBUU
Model for n-N scattering. 
DIS at 10 GeV2



◆ Global Duality-on the average the resonances appear to oscillate around and slide 
down the DIS curve.  Similar results with the Sato-Lee model

◆ Local duality in n-N scattering is worse than in electron scattering: the ratio does not 
grow appreciably with Q2 12
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From work of Olga Lalakulich - Local duality appears to holds for the averaged 
neutrino F2

N = (F2
n+F2

p) / 2 (to the 20% level) .  Introduce “two-component duality”
and resonances dual with valence quarks and non-resonant with sea quarks!!
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However, it is a different story when talking of NUCLEI not NUCLEON
With the carbon nucleus, equal number of n and p, global duality with 

incoming electrons is close.  Neutrinos not as much … maybe.

F2 
nC

F2 
eC

However, it is a different story when talking of NUCLEI not NUCLEON
Even with the carbon nucleus (equal p and n) duality with both incoming 

electrons and neutrinos has challenges 

24
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Duality for carbon nucleus

For nuclei, the Fermi motion and other medium effects broaden resonances, thus
performing averaging
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NUCLEI 

Recent electron scattering measurements at JLab have confirmed the validity of the Bloom-Gilman duality for proton, 
deuterium [2] and iron [3] structure functions. Further experimental efforts are required for neutrino scattering. Among 
the upcoming neutrino experiments, Minerva[16, 17,18] and SciBooNE[19,20, 21] aim at measurements with carbon, 
iron and lead nuclei as targets. 

One of the major issues for nuclear targets is the definition of the nuclear structure functions FA2 3-,. Experimentally 
they are determined from the corresponding cross sections, using Eq. (1). 

We follow the same procedure, using the GiBUU cross sections. So, at the first step the inclusive double differential 
cross section da/dQ^dv is calculated within the GiBUU model. The nucleon is bound in a mean field potential, which 
is parameterized as a sum of a Skyrme term term depending only on density and a momentum-dependent contribution 
of Yukawa-type interaction. Eermi motion of the bound nucleon and Pauli blocking are also considered (see [13] for 
details). 

Previous work [22] has used the analytical formulas for the nucleon structure functions, presented in [6], and directly 
apply nuclear effects to them. Nuclear effects are treated within the independent particle shell model, so that each 
bound nucleon in a nucleus occupies a nuclear shell a with a characteristic binding energy €„ and is described by 
the bound-state spinor ««. The four-momentum of the bound nucleon can be written as p^ = {mj^ — ea,p), thus the 
nucleon is off its mass shell. Both the bound-state spinor Ua{p) and the corresponding binding energies are computed 
in the Hartree approximation to the cr — ft) Walecka-Serot model. 

As shown in [22], this leads to the following definition of the nuclear structure functions 

^2{Q\V)=J^ d'p{2ja+l)na{pW2{Q\v,p' \P\' -PIQ' 

^l 
Pz 6 ' 
qz (p • q) 

(4) 

In Eig. 3, the results of Ghent and Giessen models for the resonance contribution to the F2 /A structure functions 
for a carbon target are shown for several Q^ values. They are compared to experimental data obtained by the 
BCDMS collaboration [23, 24] in muon-carbon scattering in the DIS region {Q^ - 30 - 50 GeV2). They are shown as 
experimental points connected by smooth curves. Eor different Q^ values, the experimental curves agree within 5% in 
most of the B, region, as expected from Bjorken scaling. 

When investigating duality for a free nucleon, we took the average over free proton and neutron targets, thus 
considering the isoscalar structure function. Since the carbon nucleus contains an equal number of protons and 
neutrons, averaging over isospin is performed automatically. Due to the Eermi motion of the target nucleons, the 
peaks from the various resonance regions, which were clearly seen for the nucleon target, are hardly distinguishable 
for the carbon nucleus. In general, the curves of the Giessen model are above those of the Gent model, especially (as 
it would be natural to expect) in the second and the third resonance regions. 
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FIGURE 3. (Color online) Resonance curves F | ^/12 as a function of ^, for Q^ = 0.45,0.85,1.4,2.4 and 3.3 GeV^ (indicated 
on the spectra), obtained within Ghent (left) and Giessen (right) models, compared with the experimental data [23, 24] in the DIS 
region at g ,̂̂ ^ = 30, 45 and 50 GeV^. 
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Recent electron scattering measurements at JLab have confirmed the validity of the Bloom-Gilman duality for proton, 
deuterium [2] and iron [3] structure functions. Further experimental efforts are required for neutrino scattering. Among 
the upcoming neutrino experiments, Minerva[16, 17,18] and SciBooNE[19,20, 21] aim at measurements with carbon, 
iron and lead nuclei as targets. 

One of the major issues for nuclear targets is the definition of the nuclear structure functions FA2 3-,. Experimentally 
they are determined from the corresponding cross sections, using Eq. (1). 

We follow the same procedure, using the GiBUU cross sections. So, at the first step the inclusive double differential 
cross section da/dQ^dv is calculated within the GiBUU model. The nucleon is bound in a mean field potential, which 
is parameterized as a sum of a Skyrme term term depending only on density and a momentum-dependent contribution 
of Yukawa-type interaction. Eermi motion of the bound nucleon and Pauli blocking are also considered (see [13] for 
details). 

Previous work [22] has used the analytical formulas for the nucleon structure functions, presented in [6], and directly 
apply nuclear effects to them. Nuclear effects are treated within the independent particle shell model, so that each 
bound nucleon in a nucleus occupies a nuclear shell a with a characteristic binding energy €„ and is described by 
the bound-state spinor ««. The four-momentum of the bound nucleon can be written as p^ = {mj^ — ea,p), thus the 
nucleon is off its mass shell. Both the bound-state spinor Ua{p) and the corresponding binding energies are computed 
in the Hartree approximation to the cr — ft) Walecka-Serot model. 

As shown in [22], this leads to the following definition of the nuclear structure functions 
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In Eig. 3, the results of Ghent and Giessen models for the resonance contribution to the F2 /A structure functions 
for a carbon target are shown for several Q^ values. They are compared to experimental data obtained by the 
BCDMS collaboration [23, 24] in muon-carbon scattering in the DIS region {Q^ - 30 - 50 GeV2). They are shown as 
experimental points connected by smooth curves. Eor different Q^ values, the experimental curves agree within 5% in 
most of the B, region, as expected from Bjorken scaling. 

When investigating duality for a free nucleon, we took the average over free proton and neutron targets, thus 
considering the isoscalar structure function. Since the carbon nucleus contains an equal number of protons and 
neutrons, averaging over isospin is performed automatically. Due to the Eermi motion of the target nucleons, the 
peaks from the various resonance regions, which were clearly seen for the nucleon target, are hardly distinguishable 
for the carbon nucleus. In general, the curves of the Giessen model are above those of the Gent model, especially (as 
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Why are resonances not smeared out for nC as for eC?



However, for Fe it is a different story - with it’s neutron excess?

14

Duality with n Fe Scattering

25

collaborations. It appears, that the resonance curves slide along the DIS curve, as one would expect from local duality, 
but lie below the DIS measurements. Hence, the computed structure functions do not average to the DIS curve. The 
necessary condition for local duality to hold is thus not fulfilled. 
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FIGURE 5. (color online) The computed resonance curves F2 ^"156 as a function of E,, calculated within Ghent(Ieft) and 
Giessen (right) models for Q^ = 0.2,0.45,0.85, 1.4, and 2.4 GeV^. The calculations are compared with the DIS data from 
Refs. [26, 27]. The DIS data refer to measurements at g ,̂̂ ^ = 7.94, 12.6 and 19.95 GeV^. 

The ratio /j ^^ defined in Eq.(3) is shown in Fig. 6. The curve for the isoscalar free nucleon case is also presented 
for comparison. For the Ghent group plot it is identical to that presented in Ref. [6] with the "fast" fall-off of the axial 
form factors for the isospin-1/2 resonances. For the Giessen group plot it is identical to that in the right panel of Fig. 1. 

Our results show, that for both the Ghent and the Giessen models 1) this ratio is significantly smaller than 1 for all 
Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
electroproduction; 4) h slightly decreases with Q^. 

To summarize, within the two models, which implement elementary resonance vertices differently and treat nuclear 
effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 

Further results of the Ghent model are given in [22]. 
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collaborations. It appears, that the resonance curves slide along the DIS curve, as one would expect from local duality, 
but lie below the DIS measurements. Hence, the computed structure functions do not average to the DIS curve. The 
necessary condition for local duality to hold is thus not fulfilled. 
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The ratio /j ^^ defined in Eq.(3) is shown in Fig. 6. The curve for the isoscalar free nucleon case is also presented 
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form factors for the isospin-1/2 resonances. For the Giessen group plot it is identical to that in the right panel of Fig. 1. 

Our results show, that for both the Ghent and the Giessen models 1) this ratio is significantly smaller than 1 for all 
Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
electroproduction; 4) h slightly decreases with Q^. 

To summarize, within the two models, which implement elementary resonance vertices differently and treat nuclear 
effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 

Further results of the Ghent model are given in [22]. 
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and ”threshold” that takes into account the Fermi motion within the Fe nucleus (dotted
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denominator of the integral I one at Q2

DIS = 12.59 and the other at 19.95 GeV2. The
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2 for the free nucleon (dash-dotted line) is shown for comparison

measurement of F2 was used, it was taken from higher-Q2 measurements. The important

feature was that no higher twist ”1 / Q2” e↵ects (REFER SA SECTION ON TWIST)

were included in the evaluation of the integral denominator of the ratio. This being

the case, the observation from Figure 2 that the agreement with duality is quite close

to complete is a suggestion that there are minimal additional higher twist e↵ects in

the DIS data or needed in the DIS theoretical expression as long as it is evaluated for

Q2 � 10GeV 2.

Considering these conclusions, it should be possible to learn about possible higher

twist e↵ects by observing violations of duality? Many experimentalists, constrained by

their experimental set-up to the lower Q2 edge of the DIS region, look at these higher

twist e↵ects as an unwelcome complication of the analysis. However increased knowledge

of higher twist contributions could provide better understanding of the transition from

perturbative to non-perturbative QCD. Accurate determination of the higher-twist

e↵ects should then be a goal of current and future analyses.

There have been several studies investigating the link between duality and higher

twist e↵ects [19, 20, 21, 22, 23]. In the earlier study [19] the authors emphasize the

ability to use duality to determine higher twist contributions from structure function

data in the resonance region by using moments (in x) of the structure function F2.

For example, in the integral over x of the structure function F2(x,Q
2), they are able to

determine that the ratio of the higher twist contribution to leading-twist contributions at

Q2 = 2 GeV 2 is order 10%. The ratio of higher- to leading-twist contributiuons grows

rather rapidly as the index of the moment increases thereby emphasizing higher and

higher x regions. In [22] the author examines the size of twist-4 e↵ects using moments

of the spin-dependent structure functions to suggest that higher twists are small for

Q2 � 1GeV 2.
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Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
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effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 
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Our results show, that for both the Ghent and the Giessen models 1) this ratio is significantly smaller than 1 for all 
Q^; 2) it is significantly smaller than the one for the free nucleon; 3) h is even lower than the corresponding ratio for 
electroproduction; 4) h slightly decreases with Q^. 
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effects differently, we obtain qualitatively the same effect, that the resonance structure functions are consistently 
smaller that DIS functions in the same region of Nachtmann variable B,. This is not what one would expect from 
Bloom-Gilman duality. Recall, that in this analysis for nuclei, we included the resonance structure functions, and 
ignore the background ones. To estimate their contribution and compare the results with the nucleon case would be 
one of the primary tasks of coming investigation. 
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measurement of F2 was used, it was taken from higher-Q2 measurements. The important

feature was that no higher twist ”1 / Q2” e↵ects (REFER SA SECTION ON TWIST)

were included in the evaluation of the integral denominator of the ratio. This being

the case, the observation from Figure 2 that the agreement with duality is quite close

to complete is a suggestion that there are minimal additional higher twist e↵ects in

the DIS data or needed in the DIS theoretical expression as long as it is evaluated for

Q2 � 10GeV 2.

Considering these conclusions, it should be possible to learn about possible higher

twist e↵ects by observing violations of duality? Many experimentalists, constrained by

their experimental set-up to the lower Q2 edge of the DIS region, look at these higher

twist e↵ects as an unwelcome complication of the analysis. However increased knowledge

of higher twist contributions could provide better understanding of the transition from

perturbative to non-perturbative QCD. Accurate determination of the higher-twist

e↵ects should then be a goal of current and future analyses.

There have been several studies investigating the link between duality and higher

twist e↵ects [19, 20, 21, 22, 23]. In the earlier study [19] the authors emphasize the

ability to use duality to determine higher twist contributions from structure function

data in the resonance region by using moments (in x) of the structure function F2.

For example, in the integral over x of the structure function F2(x,Q
2), they are able to

determine that the ratio of the higher twist contribution to leading-twist contributions at

Q2 = 2 GeV 2 is order 10%. The ratio of higher- to leading-twist contributiuons grows

rather rapidly as the index of the moment increases thereby emphasizing higher and

higher x regions. In [22] the author examines the size of twist-4 e↵ects using moments

of the spin-dependent structure functions to suggest that higher twists are small for

Q2 � 1GeV 2.
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Approaching the DIS region, non-perturbative QCD 
Essentially unknown experimentally and few theoretical studies.

◆ 1/ Q2 effects - when Q is order couple *MN,, then there are non–perturbative QCD effects that come 
into play.

◆ Called dynamic and kinematic “higher twist” terms such as the (kinematic) target mass effect. These 
often represent the interaction of multiple quarks or sensitivity to the pt of quarks.  These dynamic 
higher twist terms are challenging in n-nucleon and even more complicated in n-nucleus scattering.

◆ No recent experimental and limited theoretical studies of these 1/ Q2 effects with neutrinos.
▼ Twist Four Effects in Deep Inelastic Neutrino Scattering and Sin2�Theta�wSin2�Theta�w

S. Fajfer, R.J. Oakes (Sarajevo U. & Northwestern U. & Fermilab). 1985. 2 pp.
Published in Fermilab Batavia - FERMILAB-CONF-85-102-T (85,REC.AUG.) 4p

▼ Twist Four Corrections to Charged and Neutral Current Neutrino Scattering
P. Castorina, P.J. Mulders (MIT, LNS). Jun 1984. 16 pp.
Published in Phys.Rev. D31 (1985) 2753

▼ ννN, μμN interactions: Structure functions, higher twist
C. Matteuzzi (SLAC). Oct 1981. 13 pp.
Published in AIP Conf.Proc. 81 (1982) 186-198

◆ Can we learn about these non-perturbative QCD effects in duality studies?

17

http://inspirehep.net/record/220921
http://inspirehep.net/author/profile/Fajfer,%20S.?recid=220921&ln=en
http://inspirehep.net/author/profile/Oakes,%20R.J.?recid=220921&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22Sarajevo%20U.%22&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22Northwestern%20U.%22&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22Fermilab%22&ln=en
http://inspirehep.net/record/202819
http://inspirehep.net/author/profile/Castorina,%20P.?recid=202819&ln=en
http://inspirehep.net/author/profile/Mulders,%20P.J.?recid=202819&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22MIT,%20LNS%22&ln=en
http://inspirehep.net/record/168105
http://inspirehep.net/author/profile/Matteuzzi,%20C.?recid=168105&ln=en
http://inspirehep.net/search?cc=Institutions&p=institution:%22SLAC%22&ln=en


Duality and Higher Twist

◆ Does the fact that duality holds so well for e N resonance scattering compared to 
LO, leading twist DIS results suggest there is little room for higher twist 
contributions for Q2 > 1 GeV2 and x < 0.65??

◆ Multiple studies of this available in the literature and all seem to agree with the 
above statement.  For example from:  

18
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In the studies‘[20, 21] the authors first examine parton-hadron duality in structure

functions[20] and then use the techniques developed in this study to understand the

interplay of duality and higher twist[21]. In this study, the authors employed lower Q2

data from Je↵erson Lab and the higher Q2 data from SLAC to form the numerator in a

ratio of integrals similar to Equation (1.1). The denominator is taken from dynamical

parameterisations coming from parton distribution functions that will be described in

section (REFERENCE). They then introduce the target-mass e↵ect, necessary to take

into account the finite mass of the target nucleon, that is often considered to be a

”kinematical higher twist”. They also include the large-x resummation e↵ects that,

essentially, reduce the exaggerated Q2-dependent suppression of F2 as x approaches

1. This, in essence, adds strength to F2 at large x (LARGE X RESUMMATION

EXPLANATION NEEDED HERE). The results of their study is shown in Figure 10

and supports their conclusion that with the addition of the TMC and the inclusion of

the large-x resummation there is little space left for additional (1 / Q2) higher twist

e↵ects for Q2 � 1.0GeV 2 .
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FIGURE 1. Ratio between the integrals of the measured structure functions and the calculated ones
plotted as a function of Q2 for the unpolarized case (left) and the polarized one (right). The calculation
includes one by one the effects of NLO pQCD.

comparison with results of ratio including phenomenological parametrizations [7] that
includes some extra non perturbative behaviors it’s possible to see that their effect seems
not be large.
As mentioned in [10], an accurate extraction of the Q2 dependence is fundamental.

The results shown in [7] have been extendend with the recent results available in litera-
ture for the unpolarized and polarized case. In Fig. 3, the higher twist coefficients of the
present extraction in the resonance region are compared with all existing results of HT
coefficients calculated in the DIS region. For the unpolarized case there is the BCDMS
evaluation [12] (already shown in [7]) and the new MRST calculation [11]. The HT co-
efficients have been calculated following the factorization formula, displayed in Eq. 1,
which can be expressed as FLT+HT

2 =FLT2 ·(1+C(x)/Q2). For the polarized one the only
data available [13] are using the additive formula, for which FLT+HT

2 = FLT2 +H(x)/Q2
In the expression ofC(x) andH(x) there is noQ2 dependence hidden. A different behav-
ior for the unpolarized and polarized HT terms is evident. In details, for the unpolarized
case in the region of high x there is a big discrepancy between the HT terms in the res-
onance region (Cres(x)) and in the DIS region (CDIS(x)). In the polarized case, at high x
this comparison is little bit complicated, due to the fact that there is only one point with
x>0.6 in the resonance region (Hres(x)) and no value for the DIS region (HDIS(x)).
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such that, for example, FLT+HT
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FIGURE 2. HT coefficients extracted in the resonance region according to Eq.(1). Shown in the figure
is the quantity 1+CHT (x)/Q2. For comparison the values for HT coefficients obtained in ref. [14] using
DIS data and the effect of TMC are shown. The left (right) panel refers to the unpolarized (polarized)
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Figure 9. Figure from [16]: The HT coe�cient(1 + C(x)/Q2) as a function of x
showing the e↵ect of adding TMC and large-x resummation to the extraction. For
comparison the values for this HT coe�cients obtained in [19] using DIS data and the
e↵ect of TMC are shown.

1.3. Neutrino Simulation E↵orts in the SIS region

As a practical procedure for addressing this SIS region in contemporary neutrino event

generators, such as GENIE, Bodek and Yang [20] introduced a model (BY) that is used

to bridge the kinematic region between the Delta resonance and full DIS. This BY model

is also used by GENIE and other event generators to describe the DIS region as well and

this application will be considered in subsequent sections. The model was developed

using results from electron-nucleon inelastic scattering cross sections. It uses leading

order parton distribution functions and introduces a new scaling variable ⇠w to include

the e↵ects of dynamic higher twist e↵ects through a modified target mass correction.

The model incorporates the GRV98 [21] LO parton distribution functions (replacing

the variable x with their ⇠w scaling variable) to describe data at high Q2 and down to

0.8 GeV2. Below Q2 = 0.8 GeV2 they take the GRV98 LO PDFs to get the value of

F2(x, 0.8GeV 2) and multiply it by quark-flavor dependent K factors to reach lower Q2

and W.

The BY model then compares the results obtained with the above procedure with

the expectations of the duality concept as demonstrated with charged lepton-nucleon

inelastic scattering 1.1. They find their predictions to be consistent with the average of

charged-lepton initiated resonance production from the � peak to the start of DIS and

therefore consistent with duality. The steps to expand their predictions from charged

lepton-nucleon to charged lepton-nucleus, is described in [22] and is valid for mainly Fe
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Update to the Bodek-Yang Unified Model for Electron- and Neutrino- Nucleon Scattering Cross Sections
Arie Bodek

For high energy neutrino scattering on quarks and antiquarks, the vector and axial contribu-
tions are the same. At very high Q2, where the quark parton model is valid, both the vector and
axial K factors expected to be 1.0. Therefore neutrinos and antineutrino structure functions for an
iso-scalar target are given by :

F
ν
2 (x,Q

2) = Σi2
[

ξwqi(ξw,Q2)+ξwqi(ξw,Q
2)
]

.

xF ν
3 (x,Q

2) = Σi2
[

ξwqi(ξw,Q2)−ξwqi(ξw,Q
2)
]

.

There are two major differences between the case of electron/muon inelastic scattering and the
case of neutrino and antineutrino scattering. In the neutrino case we have one additional structure
functionF ν

3 (x,Q
2). In addition, at lowQ2 there should be a difference between the vector and axial

Ki factors due a difference in the non-perturbative axial vector contributions. Unlike the vectorF2

which must go to zero in the Q2 = 0 limit, the axial part ofF2 is non-zero in the Q2 = 0 limit.
We account for kinematic and dynamic higher twist and higher order QCD effects in F2 by

fitting the parameters of the scaling variable ξw and the K factors to low Q2 data for F
e/µ
2 (x,Q2).

These should also be valid the vector part of F2 in neutrino scattering. However, the higher order
QCD effects in F2 and xF3 are different. We account for the different scaling violations in F2

and xF3 by adding another correction H(x,Q2) to the expression for xF3
The differences between neutrinos and charged lepton scattering are accounted for in the fol-

lowing expressions:

F
νvector
2 (x,Q2) = ΣiKvector

i (Q2)ξwqi(ξw,Q2)+Σ jKvector
j (Q2)ξwq j(ξw,Q

2)

F
νaxial
2 (x,Q2) = ΣiKaxial

i (Q2)ξwqi(ξw,Q2)+Σ jKaxial
j (Q2)ξwq j(ξw,Q

2)

xF ν
3 (x,Q

2) = 2H(x,Q2)
[

ΣiKxF3
i ξwqi(ξw,Q2)−Σ jKxF3

j ξwq j(ξw,Q
2)
]

Where i denotes (valence−up), (valence−down), (sea−up), (sea−down), and (sea− strange).
Detailed expressions are given in reference[1].

With the above assumptions we calculate the differential cross sections for neutrinos and an-
tineutrino scattering. We also correct for nuclear effects in iron using the ratio of iron to deuterium
structure functions as measured in muon and electron scattering experiments.

Our predictions are in good agreement with the CCFR CDHSW neutrino and antineutrino
differential cross sections.

References
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FIGURE 2. HT coefficients extracted in the resonance region according to Eq.(1). Shown in the figure
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case.
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Figure 9. Figure from [16]: The HT coe�cient(1 + C(x)/Q2) as a function of x
showing the e↵ect of adding TMC and large-x resummation to the extraction. For
comparison the values for this HT coe�cients obtained in [19] using DIS data and the
e↵ect of TMC are shown.

1.3. Neutrino Simulation E↵orts in the SIS region

As a practical procedure for addressing this SIS region in contemporary neutrino event

generators, such as GENIE, Bodek and Yang [20] introduced a model (BY) that is used

to bridge the kinematic region between the Delta resonance and full DIS. This BY model

is also used by GENIE and other event generators to describe the DIS region as well and

this application will be considered in subsequent sections. The model was developed

using results from electron-nucleon inelastic scattering cross sections. It uses leading

order parton distribution functions and introduces a new scaling variable ⇠w to include

the e↵ects of dynamic higher twist e↵ects through a modified target mass correction.

The model incorporates the GRV98 [21] LO parton distribution functions (replacing

the variable x with their ⇠w scaling variable) to describe data at high Q2 and down to

0.8 GeV2. Below Q2 = 0.8 GeV2 they take the GRV98 LO PDFs to get the value of

F2(x, 0.8GeV 2) and multiply it by quark-flavor dependent K factors to reach lower Q2

and W.

The BY model then compares the results obtained with the above procedure with

the expectations of the duality concept as demonstrated with charged lepton-nucleon

inelastic scattering 1.1. They find their predictions to be consistent with the average of

charged-lepton initiated resonance production from the � peak to the start of DIS and

therefore consistent with duality. The steps to expand their predictions from charged

lepton-nucleon to charged lepton-nucleus, is described in [22] and is valid for mainly Fe
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targets only.

The BY procedure for neutrino-nucleon/nucleus inelastic scattering is described

in [23]. They use the same GRV98LO, ⇠w with K-factor approach as for charged-lepton

scattering but have quite di↵erent techniques for evaluating the factors since the axial-

vector contribution, involving an axial k-factor, and the additional structure function

(xF3) of neutrino scattering must be considered. For very high-E⌫ and high-Q2 both

the vector and axial K-factors are expected to be 1.0 and the expressions for F2 and

xF3 are straightforward. Since the vector part of F2 goes to 0 at Q2 = 0 while the

axial component does not, their approach to low-Q2 must account for this di↵erence in

the vector and axial components of F2. They furthermore account for the di↵erences

in higher order QCD e↵ects and scaling violations in F2 and xF3 at low-Q2 and end

up with expressions for F vector

2 , F axial

2 and xF3 that they than use to predict neutrino

nucleon interactions below the DIS region.

Their expressions for this low-Q2, low-W behavior must, of course, seamlessly blend

with the straightforward expressions for F2 and xF3 they predict in the DIS region.

They then have mimicked the concept of duality but based the extrapolation from the

� to DIS on the described components of their model. There is unfortunately very

limited experimental data to compare with their predictions in this low-Q2, low-W

region. However. an indication of a possible problem could be drawn from the earlier

quoted recent studies [12] that found the non-resonant background to be considerably

smaller than the estimates in GENIE. These estimates in GENIE comes from the BY

model prediction of the average strength of the F2 and xF3 in this region. Whether

this can be related to the duality approach of extrapolating F2 and xF3 from the DIS

regime down into the resonant region for neutrino scattering has not been explicitly

considered. However, we did learn 1.1 that such an extrapolation could indeed lead to

overestimating the contribution in the resonant region.

2. Experimental Studies of the DIS region with Neutrino Nucleus

Scattering

2.1. Introduction

Neutrino scattering plays an important role in extraction of fundamental parton

distribution functions (PDFs) since only neutrinos can resolve the flavor of the nucleon’s

constituents: ⌫ interacts with d, s, u and c while the ⌫ interacts with u, c, d and s.

The weak current’s unique ability to ”taste” only particular quark flavors significantly

enhances the study of parton distribution functions and complements studies with

electromagnetic probes.

With the large statistical sample and more manageable systematic uncertainties

expected in current and future experiments, neutrino experiments can, in principle,

dramatically improve the isolation of individual PDFs by measuring the full set of

⌫ and ⌫̄ structure functions. That is, for the first time, independently isolate all
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considered. However, we did learn 1.1 that such an extrapolation could indeed lead to

overestimating the contribution in the resonant region.
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Neutrino scattering plays an important role in extraction of fundamental parton

distribution functions (PDFs) since only neutrinos can resolve the flavor of the nucleon’s
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FIGURE 2. HT coefficients extracted in the resonance region according to Eq.(1). Shown in the figure
is the quantity 1+CHT (x)/Q2. For comparison the values for HT coefficients obtained in ref. [14] using
DIS data and the effect of TMC are shown. The left (right) panel refers to the unpolarized (polarized)
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Figure 9. Figure from [16]: The HT coe�cient(1 + C(x)/Q2) as a function of x
showing the e↵ect of adding TMC and large-x resummation to the extraction. For
comparison the values for this HT coe�cients obtained in [19] using DIS data and the
e↵ect of TMC are shown.
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As a practical procedure for addressing this SIS region in contemporary neutrino event

generators, such as GENIE, Bodek and Yang [20] introduced a model (BY) that is used

to bridge the kinematic region between the Delta resonance and full DIS. This BY model

is also used by GENIE and other event generators to describe the DIS region as well and

this application will be considered in subsequent sections. The model was developed

using results from electron-nucleon inelastic scattering cross sections. It uses leading

order parton distribution functions and introduces a new scaling variable ⇠w to include

the e↵ects of dynamic higher twist e↵ects through a modified target mass correction.

The model incorporates the GRV98 [21] LO parton distribution functions (replacing

the variable x with their ⇠w scaling variable) to describe data at high Q2 and down to

0.8 GeV2. Below Q2 = 0.8 GeV2 they take the GRV98 LO PDFs to get the value of

F2(x, 0.8GeV 2) and multiply it by quark-flavor dependent K factors to reach lower Q2

and W.

The BY model then compares the results obtained with the above procedure with

the expectations of the duality concept as demonstrated with charged lepton-nucleon

inelastic scattering 1.1. They find their predictions to be consistent with the average of

charged-lepton initiated resonance production from the � peak to the start of DIS and

therefore consistent with duality. The steps to expand their predictions from charged

lepton-nucleon to charged lepton-nucleus, is described in [22] and is valid for mainly Fe
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Summary: Quark-Hadron Duality for e-N/A and n-N/A 

◆ F2 
ep en: Qualitative and quantitative duality HOLDS in electron–nucleon scattering.

◆ F2 
np nn : In neutrino–nucleon scattering, duality roughly holds for the average nucleon but 

NOT individually for neutron and proton.
◆ F2 

eA : Different story, looks good but quantitative check in e–A not as good as e–n/p .
◆ F2 

nA : Not at all clear how duality works here, particularly in nuclei with an excess  
number of neutrons. 

◆ In general for neutrinos, the resonance structure functions for proton are much larger than 
for neutrons and in the case of DIS structure functions the situation is opposite. 

◆ Although to some extent model dependent, a general tendency is that for larger W, DIS 
structure functions are much larger than the resonance contribution at lower W. 

◆ Can duality be used to suggest problems with current n-N models via the sum of (1 + n pi) 
resonance plus non-resonant continuum – try it with GENIE and nuWro,

◆ There is now fresh suggestions that these so-called DIS nuclear effects (EMC effect) 
continue down into the SIS region with W < 2.0 GeV! 

◆ MINERvA’s goal is to make the first experimental measurement of inclusive and (1+n) pion 
production in the full SIS region.
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Additional Details
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SIS/DIS Regions in Generators
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However, it is a different story when talking of NUCLEI not NUCLEON
Even with the carbon nucleus (equal p and n) duality with both incoming 

electrons and neutrinos has challenges 

24

UGent.eps

Duality for carbon nucleus

For nuclei, the Fermi motion and other medium effects broaden resonances, thus
performing averaging
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NUCLEI 

Recent electron scattering measurements at JLab have confirmed the validity of the Bloom-Gilman duality for proton, 
deuterium [2] and iron [3] structure functions. Further experimental efforts are required for neutrino scattering. Among 
the upcoming neutrino experiments, Minerva[16, 17,18] and SciBooNE[19,20, 21] aim at measurements with carbon, 
iron and lead nuclei as targets. 

One of the major issues for nuclear targets is the definition of the nuclear structure functions FA2 3-,. Experimentally 
they are determined from the corresponding cross sections, using Eq. (1). 

We follow the same procedure, using the GiBUU cross sections. So, at the first step the inclusive double differential 
cross section da/dQ^dv is calculated within the GiBUU model. The nucleon is bound in a mean field potential, which 
is parameterized as a sum of a Skyrme term term depending only on density and a momentum-dependent contribution 
of Yukawa-type interaction. Eermi motion of the bound nucleon and Pauli blocking are also considered (see [13] for 
details). 

Previous work [22] has used the analytical formulas for the nucleon structure functions, presented in [6], and directly 
apply nuclear effects to them. Nuclear effects are treated within the independent particle shell model, so that each 
bound nucleon in a nucleus occupies a nuclear shell a with a characteristic binding energy €„ and is described by 
the bound-state spinor ««. The four-momentum of the bound nucleon can be written as p^ = {mj^ — ea,p), thus the 
nucleon is off its mass shell. Both the bound-state spinor Ua{p) and the corresponding binding energies are computed 
in the Hartree approximation to the cr — ft) Walecka-Serot model. 

As shown in [22], this leads to the following definition of the nuclear structure functions 

^2{Q\V)=J^ d'p{2ja+l)na{pW2{Q\v,p' \P\' -PIQ' 

^l 
Pz 6 ' 
qz (p • q) 

(4) 

In Eig. 3, the results of Ghent and Giessen models for the resonance contribution to the F2 /A structure functions 
for a carbon target are shown for several Q^ values. They are compared to experimental data obtained by the 
BCDMS collaboration [23, 24] in muon-carbon scattering in the DIS region {Q^ - 30 - 50 GeV2). They are shown as 
experimental points connected by smooth curves. Eor different Q^ values, the experimental curves agree within 5% in 
most of the B, region, as expected from Bjorken scaling. 

When investigating duality for a free nucleon, we took the average over free proton and neutron targets, thus 
considering the isoscalar structure function. Since the carbon nucleus contains an equal number of protons and 
neutrons, averaging over isospin is performed automatically. Due to the Eermi motion of the target nucleons, the 
peaks from the various resonance regions, which were clearly seen for the nucleon target, are hardly distinguishable 
for the carbon nucleus. In general, the curves of the Giessen model are above those of the Gent model, especially (as 
it would be natural to expect) in the second and the third resonance regions. 
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FIGURE 3. (Color online) Resonance curves F | ^/12 as a function of ^, for Q^ = 0.45,0.85,1.4,2.4 and 3.3 GeV^ (indicated 
on the spectra), obtained within Ghent (left) and Giessen (right) models, compared with the experimental data [23, 24] in the DIS 
region at g ,̂̂ ^ = 30, 45 and 50 GeV^. 
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Two Component Duality

◆ Two component duality: resonance curves agrees better with the valence–
only structure function.  

◆ The resonances are dual to the valence quarks, background (non-resonant) 
dual to the sea quarks. 25

UGent.eps

Local duality: ratio of the integrals over the finite interval of ξ
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ξmin = ξ(Q2,W = 1.6 GeV), ξmax = ξ(Q2,W = 1.1 GeV)

Two component duality: resonance curve agrees better with the valence–only structure
function. The resonances are dual to the valence quarks, background (not shown here)
to the sea quarks
Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 8 / 22

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

This in turn would allow us to relate DIS structure functions to resonance form factors.

Some three decades later there was considerable accumulation of charged lepton DIS

studies at multiple laboratories with nucleon structure functions well measured over a

broad range in x,Q2. Many experimental tests had proclaimed the success of QCD, and

a new examination of duality with Je↵erson Lab resonant production experiments was

begun. An early Je↵erson Lab 6 GeV era (E00-116??) measurement [4] showed that

duality was clearly observed Figure 1 with an indication that for Q2  0.5GeV 2 the

data resembles a valence like curve. The experimental and theoretical study of duality

proceeded relatively smoothly for e-N and even for e-A interactions and there is now

visual evidence that duality holds for F p

2 , F
p

1 , F
p

L
, F n

2 , F
D

2 , FC

2 , F Fe

2 and FAu

2 .

Duality HOLDS in electron–nucleon scattering!
What does that mean?

◆ If you take F2 determined from a QCD fit to DIS data and extrapolate down in ξ
- a form of xBj that compensates for low-Q phenomena.  The extrapolation runs 
approximately through the middle of the resonances.

41
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Fep, en
2 : Duality HOLDS in electron–nucleon scattering

Duality holds for both proton and deuteriuim targets (=for neutron target)
Niculescu, PRL85

JLAB: recent experimental data on F2 of
the reactions ep � eX , eD � DX in the
resonance region

solid curve — global fit to the world’s DIS
data by NMC collaboration

The data at various values of Q2 and W
average to a smooth curve if expressed
in terms of �.

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 5 / 22
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Scaling variables for duality

The most general scaling variable includes target mass correstion and finite quark
mass

�B =
Q2 +

q

Q4 + 4m2
qQ2

2mN�(1+
p

1+Q2/�2)
Barbieri, Ellis, Gaillard, Ross

Nachmann scaling variable �

� = lim
mq�0

�B =
2Q2/2mN�

(1+
p

1+Q2/�2)
=

2x
(1+

q

1+ 4m2
Nx2/Q2)

Expanding � in powers of 1/Q2 at high Q2 gives the variable 2mN�+m2
N

Q2 , found
emperically in 1970 by Bloom and Gilman and used in their pioneer work on duality

1
�

� 1
x

„

1+
m2
Nx2
Q2

«

=
2mN� +m2

N
Q2

At very high Q2, neglectingm2
N/Q2, we get � � 2x

1+1 = x - Bjorken variable
(see Melnitchouk, Ent, Keppel, Phys.Rep. 406)

Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22
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Olga Lalakulich (Ghent University, Belgium) Duality in Neutrino Reactions NuInt 07 6 / 22Figure 1. Comparison of the series of resonances measured by E00-116(??) at
the indicated Q2 compared to the extrapolated DIS measurement from the NMC
collaboration at 10 GeV 2

However, with the much more precise Je↵erson Lab data, there should be an

improved method to test duality precisely. A possible solution is to quantify the degree

to which duality is satisfied by defining the ratio of integrals over structure functions

from the resonance and DIS regions:

I|(Q
2, Q2

DIS) =

R
⇠max

⇠min
d⇠FRES

j (⇠, Q2)
R

⇠max

⇠min
d⇠FDIS

j (⇠, Q2
DIS)

(1)

The integrals use the Nachtmann variable (xBjorken ⌘ x) ⇠(x,Q2) = 2x

1+
p

1+4x
2
M

2
/Q

2

and the integration over the resonance region is defined as typically Wmin = M + m⇡

and Wmax = 2.0 GeV. For perfect quark-hadron duality the value of I would be 1.0.

Using this new measure of agreement with quark-hadron duality for eN scattering

the authors of reference [5] used the full GiBUU model [6] that has been shown to

Page 3
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Nuclear Correction Factors: n and n – F2(nFe) / F2[n(n+p)]  
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Figure 6. The ratio of F2 data for
heavy nuclear targets and deuterium as mea-
sured in charged lepton scattering experi-
ments(SLAC,NMC, E665). The band show the
uncertainty of the parametrized curve from the
statistical and systematic errors in the experi-
mental data [18].

of the interaction. However, the overall contribu-
tion from R is expected to be small in this region.
Therefore, it is reasonable to use Eq. 7 for R in
both the electron/muon and neutrino scattering
cases.

In the comparison with CCFR charged-current
differential cross section on iron, a nuclear correc-
tion for iron targets is applied. We use the fol-
lowing parameterized function, f(x) (fit to exper-
imental electron and muon scattering data for the
ratio of iron to deuterium cross sections, shown in
Fig 6), to convert deuterium structure functions
to (isoscalar) iron structure functions [18];

f(x) = 1.096− 0.364x− 0.278e−21.94x

+2.772x14.417 (8)

For the ratio of deuterium cross sections to
cross sections on free nucleons we use the follow-
ing function obtained from a fit to SLAC data
on the nuclear dependence of electron scattering
cross sections [5].

f(x) = (0.985± 0.0013)× (1 + 0.422x− 2.745x2

Figure 7. The total correction for nuclear ef-
fects (binding and Fermi motion) in the deuteron,
F d
2 /F

n+p
2 , as a function of x, extracted from fits

to the nuclear dependence of SLAC F2 electron
scattering data.

+7.570x3
− 10.335x4 + 5.422x5). (9)

This correction shown in Fig. 7 is only valid in the
0.05 < x < 0.75 region. In neutrino scattering,
we use the same nuclear correction factor for F2,
xF3 and 2xF1.
The d/u correction for the GRV94 LO PDFs is

obtained from the NMC data for FD
2 /FP

2 . Here,
Eq. 9 is used to remove nuclear binding effects
in the NMC deuterium F2 data. The correction
term, δ(d/u) is obtained by keeping the total va-
lence and sea quarks the same.

δ(d/u)(x) = −0.0161 + 0.0549x+ 0.355x2

−0.193x3, (10)

where the corrected d/u ratio is (d/u)′ = (d/u)+
δ(d/u). Thus, the modified u and d valence dis-
tributions are given by

u′

v =
uv

1 + δ(d/u) uv

uv+dv

(11)

d′v =
dv + uvδ(d/u)

1 + δ(d/u) uv

uv+dv

. (12)

The same formalism is applied to the modified u
and d sea distributions. Accidently, the modified

⌫A Interactions: SIS and DIS M. S. Athar and J. G. Morf́ın

x
-110 1

]
Fe

ν 2
R
[F

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

1.20
2=5 GeV2QA=56, Z=26

fit A2

KP

SLAC/NMC HKN07 (NLO)

x
-110 1

]
Fe

ν 2
R
[F

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

1.20
2=20 GeV2QA=56, Z=26

fit A2

KP

SLAC/NMC HKN07 (NLO)

(a) (b)

Figure 18. Nuclear correction factor R for the structure function F2 in charged
current ⌫Fe scattering at a) Q2 = 5 GeV 2 and b) Q2 = 20 GeV 2. The solid
curve shows the result of the nCTEQ analysis of NuTeV di↵erential cross sections
(labeled fit A2), divided by the results obtained with the reference fit (free-proton)
PDFs; the uncertainty from the A2 fit is represented by the yellow band. Plotted
also are NuTeV data points of the average F2 to illustrate the consistency of the fit
with the input points. For comparison the correction factor from the Kulagin–Petti
model [80] (dashed-dot line), HKN07 [71] (dashed-dotted line), and the SLAC/NMC
parametrization, Figure 15 (dashed line) of the charged-lepton nuclear correction factor
are also shown. We compute this for {A = 56, Z = 26}.
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Figure 19. The same as in Figure 18 for ⌫Fe scattering.

and anti-neutrino - not the average of both - as shown in Figure 18 for ⌫–Fe and in

Figure 19 for ⌫̄-Fe.

Since the di↵erence between F2(⌫A) and F2(⌫̄A) is small, it was also possible to

combine the fitted nPDFs to form the individual values of the average of F2(⌫A) and

F2(⌫̄A) for a given x, Q2 to compare directly with the NuTeV published values of this

quantity. This was also performed by nCTEQ and results can be found in [81].

These studies by nCTEQ) [82] have shown that there may indeed be a di↵erence

between the `± A and the ⌫A nuclear correction factors. A new analysis by the HKN [83]

group also finds some inconsistencies between ⌫(⌫) and charged-lepton data. Most

recently, a direct comparison [84], not ratios, of F ⌫FeE

2 with F `±Fe

2 observed a clear
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model [80] (dashed-dot line), HKN07 [71] (dashed-dotted line), and the SLAC/NMC
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are also shown. We compute this for {A = 56, Z = 26}.
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Figure 19. The same as in Figure 18 for ⌫Fe scattering.
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Since the di↵erence between F2(⌫A) and F2(⌫̄A) is small, it was also possible to

combine the fitted nPDFs to form the individual values of the average of F2(⌫A) and

F2(⌫̄A) for a given x, Q2 to compare directly with the NuTeV published values of this

quantity. This was also performed by nCTEQ and results can be found in [81].

These studies by nCTEQ) [82] have shown that there may indeed be a di↵erence

between the `± A and the ⌫A nuclear correction factors. A new analysis by the HKN [83]

group also finds some inconsistencies between ⌫(⌫) and charged-lepton data. Most

recently, a direct comparison [84], not ratios, of F ⌫FeE

2 with F `±Fe

2 observed a clear
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n

n

More intense study of medium- high-x
region in current round of fits

Could NOT find a compromise (c2 with tolerance) fit with both 
n and e/µ results using cross sections and NuTeV covariant errors.



Other Groups find similar results!
Also there are global fitting groups that do NOT find this result.

◆ Same NCF determined by Japanese Collaboration: Kumano et al.

◆ JLab Centered Collaboration sees same effect looking at measured 
F2 (not ratios) from n Fe compared directly to e Fe.  15% effect.

27

Our research in progress (M. Hirai, SK, K. Saito) 
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We are getting a similar modification to the nCTEQ one.�

[S. Kumano, Fermilab theory seminar, March 9, 2016]

Direct use of absolute cross-sections/structure functions

Analysis from JLAB by Cynthia [PRC 96 (2017)

032201]

I Check compatibility of the charged-lepton
and neutrino DIS data on Fe target.

I Work on the level of absolute structure
functions instead of ratios – removes
deuteron problem (F `±A

2 and F ⌫A
2

compared using 18/5 scaling).

I Main findings: discrepancy between

F `±A
2 and F ⌫A

2 data on the order of 15%
in the low-x region.
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We Now Have A New DIS Player - What does MINERvA see?
Reminder from NuTeV:  The Q2 distribution within an x bin is essential!

An nCTEQ low-Q2 Prediction for MINERnA



What does MINERvA see?  LE  DIS Cross Section Ratios – ds/dx.
Much improved ME beam ratios soon to be released!

The Q2 distribution within an x bin is essential!

◆ The shape of the data at  low x, especially with lead is consistent with nuclear shadowing at <x> 
= (0.07) - where negligible shadowing is expected with e/µ Fe.  

◆ nCTEQ fixed low-Q2 (1.7 GeV2) points are shown as an example.
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●Our data suggest additional nuclear shadowing in the lowest x bin 
(0 < x <0.1) than predicted in lead.

●There are some hints of this as well in Iron.

●Lowest x bin is a <x> ~ 0.07 and <Q2> ~ 2.0 (GeV/c)2

● In the EMC region (0.3 < x < 0.75), we see good agreement 
between data and simulation.
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Pb/CH

nCTEQ15

nCTEQnu


